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We study the properties of possible static, spherically symmetric configurations in k-essence theories with
the Lagrangian functions of the form F (X), X ≡ φ,αφ,α . A no-go theorem has been proved, claiming
that a possible black-hole-like Killing horizon of finite radius cannot exist if the function F (X) is required
to have a finite derivative dF/dX . Two exact solutions are obtained for special cases of k-essence: one
for F (X) = F0X
1/3 , another for F (X) = F0|X|1/2 − 2Λ, where F0 and Λ are constants. Both solutions
contain horizons, are not asymptotically flat, and provide illustrations for the obtained no-go theorem. The
first solution may be interpreted as describing a black hole in an asymptotically singular space-time, while
in the second solution two horizons of infinite area are connected by a wormhole.
1 Introduction
A great number of modifications and extensions of
the century-old general relativity (GR) theory have
been proposed since its formulation in 1915, and,
which is surprising and remarkable, they are contin-
uing to emerge nowadays. Such new proposals are
motivated by many reasons, among them are the
old problem of unifying gravity with other physi-
cal interactions and the difficulties in attempts to
quantize GR. One should also mention two main
problems concerning classical GR itself: the exis-
tence of singularities in the most physically rele-
vant solutions of GR, and the necessity to introduce
unknown forms of matter in order to explain the
main features of the observed universe. The mod-
ifications evoked in the literature can be divided
into two large classes. In the first one, the geo-
metric sector is generalized: it includes, in partic-
ular, f(R) thories, multidimensional theories and
non-Riemannian geometries. The second class in-
volves new fundamental, non-geometric fields with
nonstandard structure. To the second class one
may attribute scalar-tensor theories, Galileons and
Horndesky theories and others. It is frequently pos-
sible to establish a connection between the two ap-
proaches.
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The k-essence theories [1] evidently belong to
those with nonstandard fundamental fields coupled
to gravity. This class is based on a possible non-
standard form of the kinetic term of a scalar field.
It was for the first time suggested in [2] in order
to have an inflationary model driven by the kinetic
term instead of the potential. But soon after this
idea was applied to explain the present stage of ac-
celerated expansion of the Universe [3]. It is in-
teresting to note that a k-essence structure also
appears in string theories as, for example, in the
Dirac-Born-Infeld action, where the kinetic term
of the scalar field has a structure similar to the
Maxwell-like term in Born-Infeld electrodynamics
[4].
The k-essence theories can be defined by the
following most general Lagrangian:
L = √−g[R− F (X,φ)], (1)
with
X = ηφ;ρφ
;ρ, (2)
where η = ±1 can be used to make X posi-
tive in the cases like general power-law depen-
dence, ill-defined for negative quantities. There
are other, more special presentations of k-essence
Lagrangians, for example,
L = √−g[R− f(X) + 2V (φ)], (3)
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2separating the kinetic and potential terms.
While many studies have been carried out in
the context of cosmology for k-essence theories, a
much smaller effort was applied to study the possi-
ble effect of k-essence on the structure and proper-
ties of local objects, like, for instance, black holes
and wormholes. The aim of this paper is to con-
sider possible static, spherically symmetric config-
urations in theories defined by the Lagrangian (1).
Although the field equations are written in full
generality for the Lagrangian (1) (Section 2), the
results obtained here actually concern the more
specific form (3). The complexity of the equations
prevents us to find more or less general explicit so-
lutions. However, it has been possible to prove a
general no-go theorem which states that, in the ab-
sence of a φ-dependent potential term in (3), only
horizons inherent to cold black holes [5, 6] can ap-
pear in these theories, similarly to what happens in
scalar-tensor theories (Section 3). A cold black hole
is a term coined in [5,6] to designate asymptotically
flat static spherical solutions where the horizon sur-
face is infinite. The surface gravity of such black
holes is zero, implying a zero Hawking tempera-
ture. However, the tidal forces acting on extended
test bodies are infinite at the horizon. It turns out
that in scalar-tensor theories like the Brans-Dicke
theory, in the absence of a potential term in the
Lagrangian, the scalar-vacuum solutions in general
contain naked singularities and, in some special
cases, cold black hole solutions are possible. We
will show that, again in the absence of a poten-
tial, only cold black hole horizons are possible in
k-essence theories.
Further on we obtain two special exact solu-
tions, one for V = 0 and f(X) ∼ X1/3 (Section
4), another for f(X) ∼ |X|1/2 in the presence of a
cosmological constant (Section 5), and briefly de-
scribe their properties. Section 6 contains some
final remarks.
2 Basic equations
Variation of the Lagrangian (1) with respect to the
metric and the scalar field leads to the field equa-
tions
Gνµ = −T νµ [φ], (4)
T νµ [φ] ≡ ηFXφµφν −
1
2
δνµF, (5)
η∇α(FXφα)− 1
2
Fφ = 0, (6)
where Gνµ is the Einstein tensor, FX = ∂F/∂X ,
Fφ = ∂F/∂φ , and φµ = ∂µφ .
Now, consider a general static, spherically sym-
metric metric
ds2 = e2γ(u)dt2 − e2α(u)du2 − e2β(u)dΩ2 (7)
(dΩ2 = dθ2 + sin2 θdϕ2 is the metric on a unit
sphere) with an arbitrary radial coordinate u , and
φ = φ(u). Then, in the general case (1), the stress-
energy tensor (SET) T νµ has the following nonzero
components:
T 00 = T
2
2 = T
3
3 = −F/2,
T 11 = −F/2− ηFXe−2αφ′2, (8)
where the prime denotes d/du . In the case under
consideration, X = −ηe−2αφ′2 , and to make X
positive, in what follows we put η = −1 (unless
otherwise indicated).
The scalar field equation and the nontrivial
components of the Einstein equations can be writ-
ten as follows:
2
(
FXe
−α+2β+γφ′
)′ − eα+2β+γFφ = 0, (9)
γ′′ + γ′(2β′ + γ′ − α′) = 12e2α(F −XFX), (10)
− e2α−2β + β′′ + β′(2β′ + γ′ − α′)
= 12e
2α(F −XFX), (11)
− e−2β + e−2αβ′(β′ + 2γ′) = 12 F −XFX , (12)
where (12) (the component G11 = . . .) is a first
integral of the other equations.
In particular, we will use the so-called quasi-
global radial coordinate [8] u =: x specified by
the condition α(u) + γ(u) = 0, it is especially
convenient for considering Killing horizons which
are then described as regular zeros of the function
A(x) = e2γ = e−2α . The metric has the form
ds2 = A(x)dt2 − dx
2
A(x)
− r2(x)dΩ2. (13)
3In these coordinates, two combinations of Eqs. (10)–
(12) take rather a simple form:
2A
r′′
r
= X FX , (14)
A′′r2 −A(r2)′′ = −2, (15)
where now the primes stand for d/dx . The other
two equations, (9) and (12), are rewritten as
2(FX Ar
2φ′)′ − r2Fφ = 0, (16)
1
r2
(−1 +A′rr′ +Ar′2) = 1
2
F −XFX . (17)
Equations (14) and (15) are the combinations G00−
G11 = . . . and G
0
0 −G22 = 0. Equation (15) can be
once easily integrated:
B′(x) ≡
(
A
r2
)′
=
6m− 2x
r4
, (18)
where the constant m has the meaning of the
Schwarzschild mass if the metric is asymptotically
flat as x→∞ .
An important point connected with Eq. (14) is
that it relates the sign of the difference T 00 − T 11 =
−XFX = ρ+p (in the standard perfect-fluid nota-
tion) with the quantity r′′ [8]. Namely, if r′′ < 0,
then T 00 − T 11 > 0, and the Null Energy Condition
(NEC) is fulfilled; on the contrary, if r′′ > 0, this
condition is violated, and, in particular, wormhole
throats are possible. It is clear that the general La-
grangian (1) or even (3) make possible any sign of
XFX and hence r
′′ .
3 A no-go theorem
The structure of the SET (8) leads to an impor-
tant statement about possible horizons in space-
times with the metric (7) even in the general case
(1) (the Global Structure Theorem) [7]: there can
be at most two simple (Schwarzschild-like) hori-
zons at finite radius r = eβ , and no more than
one such horizon if the space-time is asymptotically
flat. This result directly follows from the equality
T 00 = T
2
2 , leading to Eq. (15) that does not contain
any functions of φ .
Indeed, as already mentioned, horizons are
described by regular zeros of the function A(x)
or, equivalently, B(x) = A/r2 (provided that r
is finite). Meanwhile, it follows from (15) that
the function B(x) cannot have a regular min-
imum, therefore, once having become negative,
B(x) never returns to zero.
There are many other results of interest con-
cerning the possible existence or non-existence of
horizons in configurations with scalar fields. Let
us mention, for instance, the no-hair theorem by
Adler and Pearson [9], claiming that there cannot
be asymptotically flat black holes with a nontrivial
scalar field in the case F = X − 2V (φ) with η = 1
(a normal, non-phantom scalar field) and nonnega-
tive potentials V . It was generalized in [10] to cer-
tain multiscalar and multidimensional space-times.
Here we will obtain one more “no-hair” result
concerning the important family of Lagrangians
(1), those with F = f(X).
With F = f(X), Eq. (9) is integrated giving
fXe
−α+2β+γφ′ = C = const, (19)
or, if we again use the quasiglobal coordinate u =
x ,
AfXφ
′ = C/r2. (20)
and Eq. (14) can be rewritten as
2
r′′
r
= −φ′2fX = − C
2
A2r4fX
, (21)
Let us look whether or not the system admits
a Killing horizon like event horizons of static black
holes. From the above-mentioned Global Structure
Theorem [7] it follows that if A(x) > 0 in some
range of x (where the metric is really static), such a
horizon can only be first-order, such that the func-
tion A(x) behaves as A ∼ x− xh .
Looking at (20), we see that A → 0 at finite
r implies fXφ
′ → ∞ (excluding the trivial case
C = 0). On the other hand, again due to (20),
the expression XfX , which enters into the SET, is
equal to Cφ′/r2 . Therefore finiteness of the SET
components T νµ , necessary for space-time regular-
ity3 implies |φ′| < ∞ , hence a horizon requires
fX →∞ .
Thus we have obtained the following no-go theo-
rem: The existence of a black-hole-like Killing hori-
zon at finite r is incompatible with a regular func-
tion f(X).
3The expression T νµT
µ
ν is a sum of squares and is propor-
tional to the Ricci tensor invariant RνµR
µ
ν . Therefore, for
finiteness of this curvature invariant it is necessary that each
term in this sum of squares be finite.
4Meanwhile, what we have called a cold black
hole [5, 6], with a horizon of infinite area (r =∞),
still remains possible if Ar2 tends to a finite con-
stant.
4 Special solution 1
It happens that Eqs. (9)–(12), or equivalently (14)–
(17), are quite hard to solve, even in the compara-
tively simple case
F (X) = F0X
n, F0, n = const. (22)
To our knowledge, the only thus far existing exam-
ple of an exact solution is the well-known case of
a linear massless scalar field, n = 1, with Fisher’s
solution [11] and its phantom (“anti-Fisher”) coun-
terpart leading to the simplest wormhole solutions
[12, 13]. We will give here one more example, with
n = 1/3, which, although looks somewhat exotic,
still illustrates the no-go theorem obtained in the
previous section and has some features of interest.
Let us use, as before, the quasiglobal coordinate
u = x , corresponding to the metric (39). Under
the assumption (22), Eq. (20) leads to the following
expression for φ′ :
φ′ =
[
C
nF0Anr2
]1/(2n−1)
. (23)
Substituting it into (14), we obtain
2
r′′
r
=
[
(nF0)
−1A1−3nC2nr−4n
]1/(2n−1)
. (24)
We see that the function A(x) drops out from this
equation in the case n = 1/3, which then leads to
the equation
r′′ = 3Kr5, 3K := F 30 /(54C
2). (25)
whose first integral is
r′2 = Kr6 +K1, K1 = const. (26)
This equation can be further integrated, but with
K1 6= 0 one obtains very bulky expressions with
elliptic integrals which will not be considered. As-
suming K1 = 0, we easily obtain without loss of
generality
r(x) =
1
k
√
x
, k =
√
2
√
K =
21/4
3
F
3/4
0√|C| , (27)
where we have suppressed the emerging integration
constant by choosing the zero point of x . Thus the
solution is defined at x > 0.
From (27) it follows that r′′ = 3/(4kx5/2) >
0, it means that the NEC is violated, and our k-
essence field is of phantom nature.
It is straightforward to find the expressions for
B(x) and φ′(x) from (18) and (23):
B(x) = B0 + k
4
(
2mx3 − 1
2
x4
)
, (28)
φ′(x) =
(
F0
3C
)3
Br8. (29)
A further substitution of these quantities to
Eq. (17) should verify the correctness of the so-
lution and maybe lead to a relation between its
integration constants. Doing so, we find in the
left-hand side of (17)
G11 = −3k2m+
3B
4k2x3
, (30)
whereas the right-hand side, −T 11 , contains only
the second term of this expression. We conclude
that this solution only exists with m = 0. The
resulting metric has the form
ds2 =
( B0
k2x
− k
2
2
x3
)
dt2 −
( B0
k2x
− k
2
2
x3
)−1
dx2
− 1
k2x
dΩ2. (31)
If B0 ≤ 0, the function A(x) is negative, and the
metric describes a particular Kantowski-Sachs cos-
mological model. If B0 > 0, the metric is static
at x < xh = (2B0)
1/4/k , has a horizon at x = xh
and is cosmological at larger x . Although the met-
ric is perfectly regular in the whole range x ∈ R+ ,
the original function F (X) in the Lagrangian is
singular at the horizon. Indeed, we easily verify
that FX = (F0/3)X
−2/3 ∝ 1/A2 , it is infinite at a
horizon where A = 0 and X = 0, in full agreement
with the above no-go theorem. But of interest is the
very existence of a regular metric in the presence
of a singular function F (X) in the Lagrangian.
Another observation of interest is the negative
sign of X = Aφ′2 in the T-region x > xh . The ex-
istence and regular behavior of the solution in this
region is evidently related to the odd denomina-
tor in the exponent 1/3, owing to which we simply
have there F (X) < 0, whereas for general n the
power-law function Xn is ill-defined.
5With any B0 6= 0, the metric (31) has sin-
gularities both at x = 0 where r = ∞ and at
r =∞ where r = 0: at both ends, the scalar field
φ and the Kretschmnn scalar RµνρσR
µνρσ tend to
infinity. The Carter-Penrose diagram in the case
B0 > 0 (Fig. 1) looks like that for de Sitter space-
time. However, unlike the latter, the nonstatic T-
region here corresponds to smaller radii r(x) than
the static region, just as in black hole space-times;
in addition, now all sides of the square in the di-
agram correspond to singulariries. One can con-
clude that the solution describes a black hole in
space-time with a singular asymptotic.
Figure 1: Carter-Penrose diagram for solution 1 with
B0 > 0. The letters R and T correspond to static and
nonstatic regions, respectively.
5 Special solution 2
Let us now consider the special case of the La-
grangian (3) with
F = F (X) = F0X
n − 2Λ, F0,Λ = const. (32)
As before, we put η = −1, so that, in terms of the
general form of the metric (7), X = e−2αφ′2 > 0.
Note that this specific choice of F (X) has found
some interesting applications in cosmology [14].
Here we consider it for static, spherically symmet-
ric configurations.
This time we will use the harmonic coordinate
condition [13]
α = γ + 2β, (33)
Then Eq. (9) leads to[
ne2(1−n)αφ′2n−1
]′
= 0 (34)
The derivative φ′ drops out from this equation in
the case n = 1/2, and it then follows α = const.
It makes sense to put eα = a2 where a is a con-
stant with the dimension of length specifying a
length scale (note that due to the coordinate con-
dition (33) the coordinate u has the dimension of
1/length). With (33) we thus obtain eγ = a2e−2β ,
and a difference of Eqs. (10) and (11) takes the eas-
ily integrable Liouville form 3β′′ = a4e−2β whose
integration gives
r(u) ≡ eβ = a
2
√
3b
cosh(bu) =
b√
3
cosh(bu), (35)
where b > 0 is an integration constant with the di-
mension of length (one more integration constant
is suppressed by choosing the zero point of u); fur-
thermore, without loss of generality, we have put
the length scale a equal to b . Substituting (35) to
the first-order equation (12), we obtain a relation
connecting b with Λ:
Λ = 3/b2. (36)
Noteworthy, this solution exists for Λ > 0 only.
As a result, we obtain the following solution:
ds2 =
9
cosh4 bu
dt2 − b4du2 − b
2 cosh2 bu
3
dΩ2, (37)
φ = ± 4
F0
(
3u− 2
b
tanh bu
)
+ φ0, (38)
with φ0 = const. (We can remark here that there is
no analytical solution for Λ = 0, unless the space-
time signature is (+,+,−,−).)
To study the metric, it makes sense to pass on
again to the quasiglobal coordinate x = 3b tanh bu ,
and the metric becomes
ds2 =
(9b2 − x2)2
9b4
dt2 − 9b
4
(9b2 − x2)2dx
2
− 3b
4
9b2 − x2dΩ
2. (39)
It is clear from (39) that the space-time has
two second-order (degenerate) horizons at x =
±3b = ±√27/Λ with zero surface gravity (hence
zero Hawking temperature), and the area of the
horizons is infinite, that is, the horizons are of the
same kind as have been obtained in cold black hole
solutions [5,6]. In particular, the tidal forces acting
on extended bodies are infinite at horizon crossing,
so only strictly point particles can cross such a
horizon safely.
6Thus the above solution has much in common
with the cold black hole solutions found in scalar-
tensor theories [5,6]. However, it cannot be called a
black hole because in this space-time (in the static
region |x| < 3b) there is no place for a distant ob-
server; on the other hand, the existence of both
horizons is connected with the cosmological con-
stant Λ, hence they are cosmological in nature,
similarly to the horizon in de Sitter space-time.
It can be stated that these two horizons of infi-
nite area are connected by a wormhole whose throat
(the minimum of r(x)) is located on the sphere
x = 0. Moreover, the source of gravity, i.e., the
k-essence field violates the NEC not only at the
throat and its neighborhood (as is necessary for
static wormholes in GR) but in the whole range of
x , as follows from the inequality d2r/dx2 > 0 (see
the end of Section 2).
Since at x = ±3b the coefficient of dΩ2 changes
its sign, the regions |x| > 3b have the signa-
ture (+ − + +) instead of the original signa-
ture (+ − − −). Thus, even though the hori-
zon is of even (second) order, beyond the horizon
the former spatial coordinate x becomes temporal,
and so the regions |x| > 3b represent anisotropic
(Kantowski-Sachs) cosmological models like the in-
ner region of the Schwarzschild space-time. There
occur cosmological singularities at x = ±∞ , and
their properties also resemble the properties of the
Schwarzschild singularity r = 0: an extended test
body is there squeezed to a point in the angular
directions but is infinitely stretched in the third
spatial direction corresponding to the coordinate
that represented time in the static region |x| < 3b .
Moreover, one can verify that the singularities
x = ±∞ are accessed by test bodies at their fi-
nite proper times.
The global structure of a space-time with the
metric (39) is shown in Fig. 2.
The scalar field φ in the whole range of x is
found as
φ = ± 4
3F0b2
(
2x+
9b
2
ln
∣∣∣x− 3b
x+ 3b
∣∣∣)+ φ0 (40)
and is singular both at x = ±∞ and at the horizons
x = ±3b , while X = Aφ′2 is infinite at x = ±∞
and finite at the horizons. We thus have one more
example of a horizon where the space-time is non-
singular but the scalar field is infinite.
Figure 2: Carter-Penrose diagram for solution 2. Light
cones are shown, indicating the temporal direction.
6 Conclusion
We have made an attempt to study static, spher-
ically symmetric configurations in the context of
k-essence theories defined by a general function
F (X,φ), where X is the usual kinetic term of
a scalar field. The k-essence theories have been
employed in inflationary and dark energy models,
but little has been done concerning local objects
like stars and black holes. This work intended to
partly fill this gap.
We have proved a no-go theorem for the case
where the k-essence theory has only X -dependence,
F (X,φ) = f(X), stating that no black hole solu-
tion with finite horizon area is possible unless the
derivative of the function f(X) diverges at the
horizon. A special solution has been found illus-
trating this no-go theorem: fixing f(X) = F0X
n
we have found for n = 1/3 a non-asymptotically
flat solution, with a single horizon at which fX
diverges while X and f are finite. The resulting
configuration may be characterized as a black hole
with a Schwarzschild-like interior immersed in an
asymptotically singular space-time.
Another solution has been obtained by choosing
n = 1/2 and introducing a cosmological constant.
This solution is also non-asymptotically flat, but
now there are two horizons with infinite surface
area. In this case, the function f(X) is regular at
the horizons but the scalar field φ diverges there.
7Beyond the horizons the space-time changes its
signature (−2 7→ +2) still remaining Lorentzian,
and the solution describes there a Kantowski-Sachs
anisotropic universe with singularities that can be
reached by test bodies in finite proper time. Be-
tween the two horizons there is a static region with
a wormhole geometry.
Both solutions exemplify situations where a vio-
lent behavior of a scalar field at a horizon still leaves
its SET finite and regular, which in turn leads to
a regular space-time geometry. We can recall just
one such example in the literature, a black hole
with a massless conformal scalar field [15] and its
electrically charged counterpart [13].
It is desirable to study the stability of such so-
lutions, in particular, the static region of solution
2. The stability conditions are a very important as-
pect of any black hole or wormhole type solution,
which remains an especially interesting problem in
the cases where scalar fields and wormhole throats
are present [16,17].
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